Abstract The capability to support optical waves with very large wave vectors (high-k) is one of the principle features of hyperbolic metamaterials (HMMs). These waves play the key role in HMM applications such as imaging and lifetime engineering. Effective medium approximation (EMA) as widely used analytical method to predict HMMs behavior, has shortcomings in calculating highk modes of practical structures. EMA is applicable to a subwavelength unit-cell of implicitly infinite periodic structures. Using conventional EMA, in the present paper, boundary effects and spatial dispersion are taken into consideration to properly compute the high-k modes of finite-thickness multilayer HMMs. Applying nonlocal homogenization to stacks of alternating metal-dielectric layers, the corresponding effective medium is examined as a high-k waveguide sandwiched between the substrate and an ambient superstrate. The developed theory enables us to recognize two types of bulk waves coined as shortrange and long-range propagating modes. Number of such modes as well as their cut-off conditions are quantified for the first time. Validity of the developed theory is verified both numerically by rigorous simulations of the multilayer structures with the transfer matrix method and experimentally by optical characterization of the HMMs in infrared regime.
Introduction
Artificial materials with unique properties are approaching toward practical implementation as material science and nano-fabrication technologies are rapidly developing. Artificially engineered structures with distinctive electromagnetic and optical properties known as metamaterials, [1] have been standing out of top research interests in the last decade. Among them stands the promising class of hyperbolic metamaterials (HMMs), [2, 3] with applications such as sub-diffraction imaging, [4] [5] [6] sensing, [7, 8] nanoscale manipulation of light-matter interaction like directional propagation of light, [9] [10] [11] [12] [13] and lifetime engineering. [14] [15] [16] [17] [18] [19] Subwavelength metal-dielectric multilayer HMMs [20, 21] amongst the other configurations such as nanotrenches [8, 13] and nanowires, [7, 22] have attracted widespread interests due to relatively ease of fabrication and extended nomenclature of materials enabling the hyperbolic regime over a broad range of frequencies.
It is ascertained that the open form (hyperboloidshaped) of HMMs iso-frequency surface leads to optical modes with high effective mode index and respectively high wave vectors. In spite of the vital role of these high-k bulk Bloch modes in HMMs applications, [23] a comprehensive theory predicting their behavior in real case (finite-size structures) is still missing. Bloch theory is the principal approach to investigate infinite periodic composites via their band structures. Yet, it is unable to explicate appearance and existing conditions for the high-k modes in multilayer structures. Homogenization theories applied to a subwavelength unit cell of infinite periodic multilayers, [24] can be used to describe the composites with uniform effective media rather than band structures. However, the effective medium approximation (EMA) being vastly used in literature, [25] also shows major flaws in predicting behaviour of HMMs in terms of supporting high-k modes. EMA is generally applied to one unit cell of periodic structures and cannot discriminate properties of effective media obtained from stacks having different number of periods. Independence of EMA from number of periods (or alternatively from the HMM thickness) has raised challenges to correctly assert effective medium properties out of a real multilayer stack with finite thickness. On the other hand, necessity for the unit cell of periodic structures to be deeply subwavelength poses notable nonlocality effects not considered in the conventional EMA. Consequently, it fails to correctly calculate the high-k modes and provide adequate proof for their effective mode index cut-offs reported in many experimental and numerical studies. [26] [27] [28] [29] Meanwhile, although straight numerical calculations, such as the well-known transfer matrix method (TMM), [30, 31] deliver practically exact solutions, they suffer from ambiguity in explaining nature of the modes. Therefore, it leaves a great demand for a simple theory that deliver high-k modes properties in practical HMMs.
In the present paper we developed a theory based on the effective medium approximation to overcome notorious limitations of conventional EMA, nonlocality [32] [33] [34] and boundary effects. [35] To probe the high-k modes of finite multilayer HMMs, the nonlocal homogenization procedure is applied. The corresponding effective medium is considered as a waveguide-like slab with a finite thickness supporting propagation of high-k modes. Consequently, two kinds of bulk propagating modes in the HMM slab are distinguished and named as short-range and long-range propagating modes. The developed dispersion relations properly explain the cut-off conditions and number of modes in any arbitrary multilayer HMMs. Transfer matrix method and experimental characterization of HMMs consisting of gold-alumina multilayers ascertain the results of developed theory.
Infinite HMMs: Nonlocal Homogenization
By definition, hyperbolic metamaterials are identified as anisotropic media possessing hyperbolic isofrequency surface for TM-polarized waves. [36] This definition denotes the effective medium approximated from the sub-wavelength structures. The conventional homogenization can be done by the well-known Maxwell Garnett approach. Considering multilayer structures composed of periodic nonmagnetic metal-dielectric layers with permittivities ε m , ε d and thickness t m , t d (<< λ ) respectively, the local EMA predicts a uniaxial permittivity tensor for the effective medium with the following elements.
where λ is the vacuum wavelength and p is the metal fill fraction in the unit cell of t = t m +t d . The extraordinary ε e and ordinary ε o permittivities must satisfy the condition ε e · ε o < 0 in order for the effective medium to be in the hyperbolic regime. For working frequen- cies in visible-IR, metal-dielectric stacks are typically characterized as type II HMMs with positive ε e and negative ε o . [28] Recently, the local homogenization of subwavelength multilayer structures was shown to be inadequate to accurately calculate the effective properties. [37] [38] [39] [40] To resolve the limitation, homogenization procedure must become nonlocal by taking dependency of permittivities to wavevector into consideration. To account for nonlocality, we utilized operator approach effective medium theory where the components of permittivity tensor can be represented in a power series of k 0 t, with k 0 being the vacuum wavenumber. [41] For periodic multilayer structures with a bilayer unit cell, as common and most used one, the nonlocal permittivity components written up to (k 0 t) 2 can be defined as
Where followings are parameters related to the unitcell feature and β is the normalized transverse wavevector. Henceforth we identify β as effective index.
The well-known dispersion equation of bulk high-k waves of the HMMs is given as [28] 
where the coordinate system is chosen such as its z-axis coincides with the optical axis (being normal to the layer interfaces). To display the above dispersion relation, a typical subwavelength multilayer structure consisting of gold and alumina layers is considered. Figure  1a represents the hyperboloidal isofrequency surface of the correspondng type II hyperbolic metamaterial. By replacing local with nonlocal parameters in Eq. (3), the isofrequency surface in nonlocal regime is depicted in Figure 1b . The 2D views, shown in the same scale, are beneficial for better comparison. Figure 1 visualizes the significant role of nonlocality in dispersion of the high-k waves and associated wave vectors. Following from Eq. (3) and utilizing nonlocal parameters, vertical component of the wavevector, k z , will be as
Note that due to symmetry in x and y axes, without loss of generality, the wave vector k is taken as
. Since the permittivity parameters are complex values, k z is generally a complex parameter. Dependency of nonlocal parameters of permittivity to the effective index, makes a complicated relation between k z and β . However, for type II HMMs with ε nl o < 0 and ε nl e > 0, we can analytically explore two plausible scenarios for propagation of bulk high-k waves inside the HMM structures; Long-Range (LR) high-k waves Considering the inequality ε nl e < β 2 , the expression under above square root would be a positive value and provides k z with a major real part. Consequently, the waves will be propagating along the z axis with a minor damping caused by the imaginary part. We coined the waves of this category as Long-Range (LR) propagating high-k waves of HMMs.
Short-Range (SR) high-k waves
On the contrary, if ε nl e > β 2 it results in a large imaginary part for k z . Under this condition, bulk high-k waves propagate in the HMM within a short propagation length and undergo a major decay. These high damping bulk waves are conceived and coined as ShortRange (SR) propagating high-k waves of HMMs.
Summing up our considerations, nonlocality results in two mutable categories of propagating high-k waves in multilayer HMMs. Variation in extraordinary permittivity √ ε nl e (β ) by changing effective index, rules short or long range propagation of the HMMs high-k waves. We would like to mention that our theory takes into consideration the nonlocality effect arising from geometry of the layers, but not from the materials properties. In order to account for deviation of permittivity of the materials involved from standard descriptions, such as nonlocality of very thin metallic films, [42] one should use the corrected expressions of ε m and ε d in the above equations. However, such case is beyond the scope of this article. 
Finite HMMs; Waveguide-like HMM slabs
The simplest configuration to deliberate a finite thickness HMM would be a slab of effective medium sandwiched between two semi-infinite media. Following discussions in the previous section, HMMs generally support short-range and long-range propagating waves having large wave vectors that cannot exist outside the HMMs. Thus, a finite thickness HMM looks like a waveguide for these high-k waves by keeping them confined within the HMM core. Figure 2 schematically shows the finite thickness HMMs in such waveguide configuration. In general, an asymmetric waveguide consisting of the HMM slab as core and dielectrics with permittivities ε 1 and ε 2 as cladding is considered, taking ε 1 ⩽ ε 2 for simplicity. Within the framework of conventional optical slab waveguides, the effective refractive index of the middle layer must be greater than those of the surrounding media to satisfy confinement condition. In our case, this condition √ ε 1 ⩽ √ ε 2 < β is automatically satisfied, since HMM high-k waves possess large effective index β that makes them evanescent outside the core.
Naturally hyperbolic material [43] and multilayer HMMs [44] [45] [46] are recently studied as alternative configurations of plasmonic waveguides, looking for confined waves to the interfaces. Seeking for a general scheme, the present work investigates all kinds of possible bulk high-k waves in the HMM core; those propagating in the HMM slab over a long length and the ones more confined to the interface of HMM and soroundings. Therefore, considering the general rules and conditions of conventional waveguides, we continue our theoretical discussion to find dispersion relations of the SR and LR propagating modes in finite thickness HMMs.
Theoretical model
Considering three segments shown in Figure 2 as homogeneous media, electromagnetic handling of the problem is relatively straightforward. Solution of Maxwell's equation in homogeneous media are plane waves. [30] TM and TE polarization in the surrounding dielectrics and ordinary and extraordinary modes in the HMM slab, are normal modes of the media. [47] Since the optical axis lies in z direction, the two modes are separable in terms of polarization, extraordinary corresponds to TM and ordinary corresponds to TE polarization. Starting with Maxwell's equations, we investigate propagation of monochromatic TM-polarized plane waves along the z-axis in an anisotropic medium. Thus, E x , E z and H y of field components remain nonzero. Considering changes along the x-axis as ∂ ∂ x = i k x and no field changes in y-axis, i.e. ∂ ∂ y = 0, the electric field amplitudes would be
Using H simply instead of H y , one obtains the following eigenvalue expression with the parameter α =
For the HMM slab, α is a negative value and for the isotropic dielectrics, it is equal to unity. Applying the latter equation separately in each homogeneous segment of the waveguide, we conclude to the following equations for evanescent waves in the surrounding dielectric media and for evanescent and propagating waves in the HMM slab.
To note, β is conserved in all segments. Trial solutions for the H fields of evanescent waves in dielectrics, SR and LR high-k waves in the HMM slab are taken respectively as
Here, H m LR (z) is the wave function of the LR high-k waves in z direction and m = 1,2,... refers to the mode number. Now, following the standard routine with continuity of E x , E z and H across the interface of the HMM slab and applying Eq. (5) to Eq. (8) and using Eq. (7), one can derive dispersion relations of SR and LR highk modes as
where h stands for thickness of the HMM slab and
are the normalized vertical wavevectors of evanescent waves in surround-
) and
are those of SR and LR high-k waves in the HMM slab respectively. The above relations indicate that the bulk high-k modes dispersion of the HMM slab is strongly dependent on surrounding media as well as thickness of the effective medium h, which in turn is defined by the number of periods N, and thickness of the unit cell t, as h = N t. Solving the dispersion equations, the values of effective index β for allowed bulk high-k modes in HMM slabs can be determined. Figure 3 shows the high-k modes dispersion of multilayer stacks composed of 10nm-thick Au and Al 2 O 3 in alternating order having a unit-cell of p = 0.5. It should be pointed out that metal's thickness correction to the Drude−-Lorentz model, [48] is implemented in calculation of ε m . The corresponding HMM (effective medium) is sandwiched between a glass substrate (n 2 = 1.51) and air as the superstrate (n 1 = 1). The black lines show the SR modes; blue and red lines indicate the odd and even LR high-k modes in the HMM slabs. We exemplify cases with the HMM thickness of 60, 80, 100, 140, 160 and 200 nm equivalent to 3, 4, 5, 7, 8, and 10 periods. The SR high-k modes appear for thin HMM slabs; as slabs thickness increases with an increased number of periods, short-range modes tend to fade as broadband waves. On the contrary, long-range high-k modes appear in HMM slabs with considerable thickness. By increasing thickness of the slab number of broadband LR modes increases and the corresponding effective mode index shifts to lower β .
Cut-off Conditions
As mentioned before, simulation and experimental studies of multilayer HMMs have shown that there exists a minimum as well as a maximum value for effective index of high-k modes of the structures. Neither minimum nor maximum values can be explained by applying conventional EMA. Due to the constraints imposed through boundaries and nonlocality, the developed theory provides us with the possibility of prediction and calculation of the limited span of possible β for the effective mode indices of high-k waves.
In terms of mode confinement, a cut-off is reached when the modes begin to radiate outside the HMMcore waveguide so that the condition of high-k modes of the HMM slab is no longer satisfied. Following from section 2, relation between the effective index β and extraordinary permittivity, ε nl e of the HMM slab is a quite important parameter which determines how fast the bulk modes decay inside the HMM slab. The mentioned conditions together with the waveguide general constraints will determine the possible effective mode indices for the SR and LR modes.
For short range modes, β should satisfy the relation mentioned in Eq. (10a) and for the long range modes Eq. (10b) must be satisfied. Thus, two cut-offs can be recognized there. The lower cut-off, β lcf = √ ε 2 , denotes the smallest possible effective mode index for the bulk modes. However, the upper cut-off is absolutely defined by the imposed nonlocality. Based on the nonlocal homogenization, ε nl e is the function of effective index β . The bigger the β is, the smaller gets the ε nl e . From Eq. (10a) one can conclude that SR modes exist with the effective mode indices spanning from β lcf to √ ε nl e . As β gets bigger, long range modes start to appear. Equation(10)b implies that β attains its maximum value when ε nl e reaches its minimum possible value ε 2 . Consequently, the upper cut-off for bulk high-k modes can be found through imposing ε nl e ≈ ε 2 constraint. Applying this condition to Eq. (2b) and defining ε wg as the waveguide permittivity,
one concludes to the following expression for LR modes upper cut-off, β ucf .
It makes evident that the upper cut-off is related to the refractive index of the denser cladding as well as to the operating wavelength in addition to unit cell features. In Figure 3 the high-k modes cut-offs are shown with the green dotted (lower) and dashed (upper) lines. Figure 3 signifies that number of LR modes goes up as thickness of the HMM slab increases, yet the highk modes themselves are enclosed by the cut-off conditions which are independent from the HMM thickness.
Number of LR modes
Shown in Figure 3 , number of LR modes grows up as thickness of the HMM slab increases. However, as a fact, number of high-k modes must be finite. At the point where β reaches the maximum possible effective mode index, condition for existence of the high-k waves inside the HMM slab is not satisfied anymore and the wave is said to be cut-off. Writing the LR dispersion relation, Eq. (9a), at β = β ucf and considering the upper cut-off parameter U ucf as
one can derive the following equation where integer m defines the number of propagating modes supported by the
HMM slab, m = 1, 2, ... and the parameter U ucf would be less than 
where [...] int stands for the first integer number greater than or equal to the value inside the brackets. Equation (15) indicates existence of finite number of modes in the finite thickness HMMs.
Origin of LR and SR high-k modes
Macroscopic behavior of bulk high-k modes in multilayer HMMs is well defined by the developed dispersion relations for finite HMMs. To shed light on the long-range and short-range propagating high-k modes from the microscopic point of view, one should gain insight into plasmonic phenomena behind the multilayer HMMs properties. It is shown that coupling of surface plasmon polaritons (SPPs) at metal-dielectric interfaces of the whole multilayer stacks result in bulk modes of the HMMs. [40] SPPs on two adjacent interfaces can be coupled through either the dielectric or the metal layers. In this regard, there are two configurations for the SPPs coupling: metal -dielectric -metal (MDM) and dielectric -metal -dielectric (DMD). Surface waves coupled through the metal layer, DMD configuration, are called plasmonic slab-like modes and coupled through the dielectric layer, MDM configuration, are called plasmonic gap-like modes. [49] Figure 4a displays the DMD coupling and Figure 4b indicates the MDM coupling dispersions. Figure 4a ,b also show the lossless dispersion of SPPs at a single Au -Al 2 O 3 interface in green dashed line. It lies below the surface plasmon frequency of metal layer that is shown with the horizontal dotted line. By coupling of SPPs, the single interface dispersion splits into two branches, below and above the single SPP ones. The red branch corresponds to symmetrically coupled and the black one corresponds to anti-symmetrically coupled SPPs. Insets of Figure  4a ,b show magnetic field profiles of the symmetrically and anti-symmetrically coupled waves.
Microscopically describing bulk modes of the HMM structure with multiple metal-dielectric interfaces, one should analyze it as a composite of DMD and MDM couplings configurations. The case of considering gaplike and slab-like dispersion relations simultaneously (a simplified case happening for stacks having 2 periods), is shown in Figure 4c . One can see changes in the symmetry of fundamental mode by sweeping over k x which corresponds to sweeping over effective index β . For lower k x the symmetric gap-like mode appear as the fundamental mode (the branch in red), for higher k x , the fundamental mode changes to the slab-like antisymmetric mode (the branch in black). [50] However, in general, existence of such crossing region depends strongly on the layers material and thickness as well as number of periods. For stacks having low number of periods two branches may be anti-crossing. But, there would appear a transition in fundamental mode from the symmetric gap-like to the anti-symmetric slab-like modes by adding more layers and consequently widening each branch and having them crossing. As number of layer increases, each branch splits more and more that finally instead of branches there will be a band of symmetric and anti-symmetric modes (Bloch theorem). In multilayer stacks, there are always competing conditions between the slab-like and gap-like modes. Considering only the slab-like coupled modes with large propagation constants may mislead to reduced number of accepted high-k modes in the HMM structure. [51] To summarize, at lower effective indices, symmetric gap-like modes prevail in coupling of SPPs on all interfaces and thus leads to the symmetric bulk highk waves in multilayer structures. Since the symmetrically coupled waves possess strong surface confinement and very high losses, [52] it is expected that symmetric high-k modes bear strong damping and result in short-range propagation length along the slab thickness. On the other hand, in the region of larger effective indices where anti-symmetric slab-like modes dominate, anti-symmetrically coupled SPPS show weaker surface confinement and lower loss. [52, 53] Therefore, predominating anti-symmetric coupled SPPs at all interfaces brings about high-k bulk modes which behave as long-range propagating waves in the HMM slab. In the meantime, the mode number definition of the LR propagating high-k modes can be well explained with anti-symmetric coupling description. As the mode number corresponds to the number of zerocrossing in the H y field profile of the corresponding mode, the anti-symmetric coupling provides multiple zeros in the field profile across the HMM slab. [51] Back to the macroscopic behaviour of bulk modes, distinctive properties of SR and LR high-k modes could be further understood. In general, LR high-k modes are weakly localized at the HMM boundaries and largely exist in the HMMs. As a result, most of the mode's energy resides in the HMM structures. A relatively long propagation length of LR modes is suitable for utilizing HMM slabs for imaging applications. Also, the low losses associated to LR modes makes them appropriate for HMMs applications for spontaneous emission enhancement. In contrast, SR high-k modes as strongly confined to the interfaces, make the energy located at the HMM interfaces and the surrounding media. Thus, subwavelength localization of the electric field in exchange of a shorter propagation length can be achieved. It should be noted that losses attributed to HMM modes are considerably lower than that of a plasmonic mode of a single metal layer. Therefore highly localized SR modes can be advantageous for waveguiding as well as sensing applications of HMMs. 
Numerical and experimental validation

Transfer Matrix Method
To examine the developed theory, high-k modes dispersion derived in section 3.1 are compared with the results delivered by transfer matrix method. TMM as a robust numerical approach reveals dips in the reflection spectra that signify high-k modes excitation in the multilayer structures. Using TMM, reflection spectra of multilayer HMM slabs consisting of 10 nm thick alternating Au and Al 2 O 3 layers with a total thickness equal to 60, 160 and 200 nm equivalent to 3, 8 and 10 periods respectively, are calculated; where the whole stack is sandwiched between the glass substrate (n 2 = 1.51) and air superstrate (n 1 = 1). In order to provide k-matching condition for excitation of high-k modes, we considered a high refractive-index semi-infinite material coupled with the structure resembling a prism in Otto configuration. For realistic analysis we chose a 20 nm thick air gap (the superstrate) between the high-index material and the multilayer stack. TM polarized light is directed through the upper layer to the structure. The system is alike to the one shown in Figure 5 . High-k modes in visible to near-infrared wavelengths is shown in Figure 6a Figure 6d indicates that for HMMs having low thickness, the LR high-k modes possess high effective mode indices (as Figure 3a implies ) that can not be excited commonly. On the other hand, it can be noticed from Figure 3a that the SR mode shown in black line, is not extended to higher wavelengths. Thus, for HMMs with 3 periods shown in Figure 6d , no modes can be seen. High-k modes dispersion, shown as white and red dashed lines in Figure 6e ,f, point out excitation of odd and even LR modes, with use of the Ge prism, in HMM slabs having higher thicknesses. Figure  6d -f show very well agreement between the theoretical high-k modes dispersion and TMM reflection spectra shown in the background and authenticate the fact that increasing number of periods in multilayer stack results in shifting LR high-k modes to lower effective mode indices.
Optical experiments
In order to demonstrate validity of theory predictions and observe high-k modes, we conducted reflection measurement of the structure in Otto configuration including Ge hemispherical prism -Air gap -HMM slab -glass substrate as illustrated in Figure 5 . The HMM structure consists of 8 periods with a unit cell of Al 2 O 3 (10 nm) -APTMS (1 nm) -Au (10 nm) -APTMS (1 nm). Here, APTMS stands for aminopropyltrimethoxysilane and is used as a lossless adhesion layer between Au and oxide layers, which is advantageous for highly localized propagating surface plasmon waves. [48] The HMM slab is fabricated on a 500 µm-thick glass substrate. Each Au film is sputtered and Al 2 O 3 film is deposited by atomic layer deposition. To excite high-k modes using a Ge prism provides us with one of the highest refractive index of n Ge ≈ 4.0 in the mid-infrared wavelength range. Its transparency window λ > 2.0 µm (5000 cm −1 ) suits well for the mid-IR waves. It has been used, for example, to observe plasmons on doped semiconductors [54] and surface waves on hyperbolic metamaterials. [13] Using a hemispherical Ge prism, the incident angles are varied in the range ϕ = [28 • 80 • ] with 2 • steps. This provides the larger range of effective index, β = [1.88 3.94], extended enough to excite LR high-k modes. According to the dispersion in Figure 3e , the available β enables us to observe not only the lowest, but also the second lowest long range propagating modes. The measurements were performed by the Fourier Transform Infrared (FTIR) spectrometer (VERTEX 70, Bruker) with the TM-polarized incident light in the wavelength range of λ = 2 -5.5 µm (5000 -1882 cm −1 ). The presented reflection spectra are averaged from 32 scans. For the reference spectrum, TM reflectance from Ge prism without HMM sample is taken at the angle of incidence ϕ = 78 • . The incident beam has angular variation of ∆ϕ = ± 1.7 • . Note that the critical angle between the Ge prism and air is 14.5 • , so the modeling and experiment were conducted well above the critical angle. Therefore, we can assume that any reflection dip should correspond to excitation of a high-k HMM mode. The thickness of the air gap is found to be 20 nm by fitting the experimental results with the simulated reflection spectra. The measurements show two branches of high-k modes as shown in Figure 7 . White and red dashed lines illustrate theoretical predictions for the LR propagating high-k modes. The lowest mode is the odd LR and the upper one is the even LR modes. The experimental reflection shows qualitatively good agreement with the theoretical predictions for high-k modes, as well as with the TMM results. A low Q-factor of the measured reflection spectra is mainly due to the measurement uncertainties in the FTIR setup including angular beam divergence and unavoidable polarization mixture.
Engineering high-k modes in HMM slabs
Determining effective mode index
While propagation of waves with very large effective index is the essential property of hyperbolic metamaterials, excitation as well as out-coupling of these modes have been an important challenge in multilayer HMMs applications. High-k modes dispersion shown in Figure  3 , for HMMs consisting of Au -Al 2 O 3 layers with 10 nm-thick, corroborate that corresponding LR modes possess such high β that they could not be excited in visible wavelengths (see Figure 6a-c) . Referring to Eq. (10b), the relation between ε nl e and β mainly determines the lowest possible effective mode index of LR modes. Hence, HMMs specification can be engineered to shift the LR modes to lower β by manipulating the extraordinary permittivity component. Equation (2b) points out dependency of ε nl e on unitcell materials, ε d , ε m and thickness, t as well as metal fill fraction, p that provide degrees of freedom to properly design HMMs. One can deduce that decreasing p, t and ε d result in a lower ε nl e and consequently lower effective mode index of LR modes. To investigate the effect of reduction in ε d , we chose SiO 2 (n SiO 2 ≈ 1.44) as an alternative dielectric material. Thus, HMM slabs consisting of 10 nm-thick Au-SiO 2 alternating layers are considered between a glass substrate (n 2 = 1.51) and air superstrate (n 1 = 1). that for the case in Figure 6c could not be excited in the provided range of β . Subsequently, a unitcell of Au-SiO 2 with thickness 6.66 and 13.34 nm respectively, are chosen to survey the effect of decreasing fill fraction. Figure 8g -i show high-k bulk modes dispersion for the HMM slabs with total thickness equivalent to 3, 8 and 10 periods. The high-k modes realized here possess much lower effective mode indices. In other words, shifting the modes to lower β we could excite higher number of LR modes. Figure 8 indicates well matching between results of the developed theory and TMM as a numerical approach. And, it gives information about high degree of freedom in controlling effective mode index of LR high-k modes to be in desire range of β by carefully designing multilayer structures.
Number of modes
As discussed earlier, multilayer HMMs provide finite number of long-range propagating high-k modes. With regard to importance of engineering HMM slabs for the propagating modes, we provide investigations on the potentially effective parameters. Based on Eq. (15), number of periods N, ambient media ε 2 and ε 1 , unit cell thickness t, and metal fill fraction p, are significant involving parameters affecting number of LR modes. In what follows multilayer structures consisting of Au -Al 2 O 3 are probed while wavelength is kept constant at λ = 800 nm. Figure 9a shows number of LR modes for HMM slabs consisting of 2-10 periods, where t = 20 nm, p = 0.5, n 2 =1.51 and n 1 =1. The fitted black line exposes a direct relation but not one-to-one correspondence between the number of periods and modes. Dependency of m on N looks like an affine function that neither scale multiplicatively nor necessarily preserve distances between points. As it is clear from Eq. (13) and (15) , dependency of m on the ambient media seems more complicated. For HMM slabs having N=3, p=0.5 and air superstrate n 1 =1, Figure 9b shows inverse-nonlinear relation between m and substrate refractive index; wherein n 2 = 1, 1.33, 1.4, 1.51, 1.75, 2 and 2.5. Number of modes is trending downward as n 2 is increasing and finally m gets to zero as n 2 overtakes √ ε nl e that violates the condition mentioned in Eq. (10b). For the same HMM slabs, the inset in Figure 9b indicates almost constant dependency of m on n 1 , while n 2 is equalled to 1.51 (glass substrate). Number of modes suddenly goes down to zero referring to the presumption that ε 1 ⩽ ε 2 . Figure 9b implies that effect of denser surrounding medium is more pronounced in defining number of LR modes in addition to its main impact on the upper cut-off effective index (refer to Eq. (11) and (12) ) and the direct effect on the lower cut-off. To infer the impact of t on HMMs high-k modes, Figure 9c presents number of LR modes vs. unit-cells thickness. Here, t= 15, 20, 24, 30, 40 , and 60 nm while total thickness is kept constant, h= 120 nm and p = 0.5, n 2 = 1.51 and n 1 = 1. Inverse-nonlinear relation between t and m can be concluded; the thinner unitcell results in a higher number of modes. Figure 9d shows investigation on high-k modes dependency on the metal fill fraction p. Keeping the total thickness of HMM slab fixed at h = 120 nm, the metaldielectric ratio of 2:1, 1:1, 1:2 are examined while n 2 = 1.51 and n 1 = 1. Circles in Figure 9d 
Conclusion
The present paper soughs to address the bulk highk modes of empirically finite thickness multilayer hyperbolic metamaterials. In this regard, we developed a theory based on nonlocal homogenization of multilayer HMMs by applying operator approach EMA and considering waveguide rules for the finite thickness effective medium placed in semi-infinite boundary media. Distinguishing short-range and long-range propagating waves, we managed to interpret the bulk high-k modes of the metal-dielectric HMMs. The criteria for classification of the two modes and delineation for their effective mode index cut-offs is introduced. As well, a set of governing conditions to estimate the number of such modes for arbitrary multilayer HMM structures are properly deduced. While the TMM approach cannot unveil the nature and number of such modes, and conventional EMA itself is unable to give us a hint for proper HMM engineering towards different applications, we believe that the developed theory will assist on-purpose design of multilayer hyperbolic metamaterials with desired properties.
